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ABSTRACT
The SL(2; R)=Z WZW orbifold describes the (2+1)-dimensional
black hole which approaches anti-de Sitter space asymptotically. We
study the 1! 1 tachyon scattering o the rotating black hole back-
ground and calculate the Hawking temperature using the Bogoliubov
transformation.







The Wess-Zumino-Witten (WZW) model is a useful framework to study
string theory in curved spacetime. One simple example is the SL(2; R)=U(1)
WZW coset which is known as Witten Black Hole [1]. Another simple ex-
ample is the SL(2; R)=Z WZW orbifold, which describes a three-dimensional
black hole in asymptotically anti-de Sitter space [2, 3]. The black hole was
originally found as a solution to general relativity by Ba~nados, Teitelboim,
and Zanelli (BTZ) [4], but it was quickly realized that a slight modication
of the solution yields a solution to the bosonic string theory.
The purpose of this note is to study the 1 ! 1 string scattering in the
rotating BTZ black hole background. We solve the tachyon equation in the
linearized approximation and derive the reection coecient for the scatter-
ing. We also derive the Hawking temperature using the Bogoliubov trans-
formation.
String scatterings in various geometries have been studied in refs. [5, 6, 7].
In particular, ref. [7] studies the string scattering in the static (J = 0) BTZ
black hole background. In the context of the BTZ black hole in general
relativity, the scattering of a massless conformally coupled scalar eld has
been studied in ref. [8].
2 Review
We will briey review the BTZ black hole; for more details, see ref. [9]. The






























= 2. Here, we identify '^  '^ + 2; this corresponds to a choice
of the orbifolding. Starting from a level k SL(2; R) WZW model, it can
1
be shown that the above solution is an exact solution to the bosonic string
theory. The normalization is obtained as follows. k appears since we consider





is the quadratic Casimir of the adjoint representation of the
group. The three-form eld strength H

is necessary by the Wess-Zumino
term and plays the role of negative cosmological constant. So, the solution
approaches anti-de Sitter space asymptotically.
Since the central charge of the WZW model is given by c = 3k=(k   2),
k = 52=23 in order to get c = 26. In the discussion of the BTZ black hole,
a dimensionful parameter l is often used. This parameter can be introduced
by scaling
^
t and r^. The relation of l, the cosmological constant , and the




= 2(k   2).
An important property of the BTZ black hole is that the general solution
is obtained simply by a dierent choice of the orbifolding. This property will

























The reason of making this transformation is because we will make the iden-









































are the inner and outer horizons of the black hole.
3 1! 1 Scattering

























=  2. We expand the tachyon eld equation in powers of the


















T = 0: (5)
Our task is to solve eq. (5) in the background (3). Although m
2





+ 1)=2(k   2). Expressions become simpler in this




= 1=92. The parametriza-
tion appears naturally in the representation theory of the SL(2; R) ane
Kac-Moody algebra; the tachyon belongs to the continuous series represen-
tation of the global SL(2; R).


























































+ 1)T = 0:
To solve this equation, expand the eld in terms of modes:











Here, N 2 Z. Eq. (6) is most easily solved by rst making the change of
coordinates (2). Then the sum (7) is rearranged as
T (r;
^







































N . By the coordinate transformation























































































































c = 1 + i
^
E: (12)
The general solution is written in terms of Kummer's fundamental system of






































































































F (a; a  c+ 1; a  b+ 1; 1=z): (18)
















































 (2   c) (a  b)










 (2   c) (b  a)




are determined by imposing the appropriate boundary con-
ditions below.
4
Near the horizon (r ! r
+


























































Here, we omit various constants and phases which are irrelevant to later dis-
cussion. Henceforth, we set E > 0 and  > 0. Then, the rst and second
terms in (21) and (22) represent outgoing and ingoing modes respectively
in the s-wave sector. Note that , not E, plays the role of the \radial mo-
mentum" from the asymptotic behavior (22). This is because of the unusual
asymptotic geometry; the geometry is anti-de Sitter rather than Minkowski.
First we investigate the tachyon scattering o the black hole. The ap-
propriate choice for the constants is c
1
= 0. Asymptotically this solution













































 (a   b) (b  c+ 1) (1   a)

















































In general, tachyon equations in rotating black hole backgrounds are more
complicated than the ones in non-rotating black hole backgrounds and may
5
not be easy to solve. The BTZ black hole case is special, because the trans-
formation (2) relates the J 6= 0 metric to the J = 0 metric.
1
This fact
was crucial to solve the tachyon equation (6). In fact, the eq. (9) is nothing
but the tachyon equation for the static M = 1 BTZ black hole. This equa-
tion appeared in the study of string scattering in the static BTZ black hole
background [7].
This property, the J 6= 0 metric can be transformed to the J = 0 metric,
is special to the BTZ solution. Most of the other rotating black hole metrics
cannot be cast in the form of non-rotating black hole metrics. For example,

















































and a is the angular momentum per unit mass. This metric cannot be written
in the form of the Schwarzschild solution because the expressions inside curly
brackets in (26) are not integrable.
4 Hawking Radiation
A dierent choice for the constants c
i
is usable to derive the Hawking tem-




V ) are related by a Bogoliubov
transformation, one has to simply determine the Bogoliubov coecients to











 (2   c) (a  b)
 (a  c+ 1) (1   b)
= 0; (28)
1
Of course, this does not mean that the rotating metric is the same as the non-rotating



























Thus, the expectation value of the number operator N
EN
for (U; V ) mode




V ) mode j
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 is the angular velocity of the horizon. Eq. (32) is the
correct distribution function for the rotating black hole with the Hawking
temperature T
Hawk:
and the angular velocity of the horizon 
. One can




)  as the \large radial momentum" limit
because  plays the role of the radial momentum as discussed in section 3.
The dependence E   N
 on (32) rather than E is a sign of rotating
black holes. This represents the eect of the rotation and has following
consequences [13].
First, note that the eect of the rotation enters into the thermal spectrum
in the same way as a chemical potential. The angular momentum of the
black hole plays the role of a chemical potential. This factor (32) is larger
for positive N than for negative N . Thus, it is favorable to emit particles
with angular momenta in the same direction as that of the black hole. As a
result of the emission, the black hole rotation will be slowed down.
7
Also, (32) is negative when E < N
. This has an interesting consequence.
For simplicity, consider the limit T
Hawk:
! 0. For static black holes where





0i ! 0. However,










0i !  1. This negative ux means that the black hole induces
stimulated emission. This phenomenon is known as super-radiance.
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